

    
      
          
            
  


SPGL1

SPGL1 is a solver for large-scale one-norm
regularized least squares.

It is designed to solve any of the following three problems:


	Basis pursuit denoise (BPDN):





\[min \quad  ||\mathbf{x}||_1   \quad subj. to  \quad ||\mathbf{A}\mathbf{x} - \mathbf{b}||_2 <= \sigma\]


	Basis pursuit (BP):





\[min \quad ||\mathbf{x}||_1  \quad subj. to \quad  \mathbf{A}\mathbf{x} = \mathbf{b}\]


	Lasso:





\[min \quad  ||\mathbf{A}\mathbf{x} - \mathbf{b}||_2  \quad subj. to  \quad  ||\mathbf{x}||_1 <= \tau\]

The matrix \(\mathbf{A}\) can be defined explicitly, or as a
scipy.sparse.linalg.LinearOperator [https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.sparse.linalg.LinearOperator.html#scipy.sparse.linalg.LinearOperator] that returns both both \(\mathbf{Ax}\) and
\(\mathbf{A}^H\mathbf{b}\).

SPGL1 can solve these three problems in both the real and complex domains.


References

The algorithm implemented by SPGL1 is described in these two papers:


	E. van den Berg and M. P. Friedlander, Probing the Pareto frontier
for basis pursuit solutions, SIAM J. on Scientific Computing,
31(2):890-912, November 2008


	E. van den Berg and M. P. Friedlander, Sparse optimization with
least-squares constraints, Tech. Rep. TR-2010-02, Dept of Computer
Science, Univ of British Columbia, January 2010






History

SPGL1 has been initially implemented in MATLAB [https://www.cs.ubc.ca/~mpf/spgl1/] by E. van den Berg and M. P. Friedlander.
This project is aimed at porting of their algorithm in Python. Small modifications are implemented in some areas of the code
where more appropriate implementation choices were identified for the Python programming language.








          

      

      

    

  

    
      
          
            
  


Installation

Python 3.5 or greater is required. This package may also work for
Python 2.7 or greater, however we do not provide any guarantee neither we will
make any effort to maintain back compatibility with Python 2.


From PyPI

To install spgl1 within your current environment, simply type:

>> pip install spgl1







From source

First of all clone the repository. To install spgl1 within your current
environment, simply type:

>> make install





or as a developer:

>> make dev-install





To install spgl1 in a new conda environment, type:

>> make install_conda





or as a developer:

>> make dev-install_conda









          

      

      

    

  

    
      
          
            
  


SPGL1 API


Main Solver







	spgl1(A, b[, tau, sigma, x0, fid, …])

	SPGL1 solver.








Other Solvers







	oneprojector(b, d, tau)

	One projector.



	spg_bp(A, b, **kwargs)

	Basis pursuit (BP) problem.



	spg_bpdn(A, b, sigma, **kwargs)

	Basis pursuit denoise (BPDN) problem.



	spg_lasso(A, b, tau, **kwargs)

	LASSO problem.



	spg_mmv(A, B[, sigma])

	MMV problem.










          

      

      

    

  

    
      
          
            
  


spgl1.spgl1


	
spgl1.spgl1(A, b, tau=0, sigma=0, x0=None, fid=None, verbosity=0, iter_lim=None, n_prev_vals=3, bp_tol=1e-06, ls_tol=1e-06, opt_tol=0.0001, dec_tol=0.0001, step_min=1e-16, step_max=100000.0, active_set_niters=inf, subspace_min=False, iscomplex=False, max_matvec=inf, weights=None, project=<function _norm_l1_project>, primal_norm=<function _norm_l1_primal>, dual_norm=<function _norm_l1_dual>)[source]

	SPGL1 solver.

Solve basis pursuit (BP), basis pursuit denoise (BPDN), or LASSO problems
[1] [2] depending on the choice of tau and sigma:

(BP)     minimize  ||x||_1  subj. to  Ax = b

(BPDN)   minimize  ||x||_1  subj. to  ||Ax-b||_2 <= sigma

(LASSO)  minimize  ||Ax-b||_2  subj, to  ||x||_1 <= tau





The matrix A may be square or rectangular (over-determined or
under-determined), and may have any rank.


	Parameters

	
	A{sparse matrix, ndarray, LinearOperator}

	Representation of an m-by-n matrix.  It is required that
the linear operator can produce Ax and A^T x.



	barray_like, shape (m,)

	Right-hand side vector b.



	taufloat, optional

	LASSO threshold. If different from None, spgl1 solves LASSO problem



	sigmafloat, optional

	BPDN threshold. If different from None, spgl1 solves BPDN problem



	x0array_like, shape (n,), optional

	Initial guess of x, if None zeros are used.



	fidfile, optional

	File ID to direct log output, if None print on screen.



	verbosityint, optional

	0=quiet, 1=some output, 2=more output.



	iter_limint, optional

	Max. number of iterations (default if 10*m).



	n_prev_valsint, optional

	Line-search history lenght.



	bp_tolfloat, optional

	Tolerance for identifying a basis pursuit solution.



	ls_tolfloat, optional

	Tolerance for least-squares solution. Iterations are stopped when the
ratio between the dual norm of the gradient and the L2 norm of the
residual becomes smaller or equal to ls_tol.



	opt_tolfloat, optional

	Optimality tolerance. More specifically, when using basis pursuit
denoise, the optimility condition is met when the absolute difference
between the L2 norm of the residual and the sigma is smaller than
opt_tol.



	dec_tolfloat, optional

	Required relative change in primal objective for Newton.
Larger decTol means more frequent Newton updates.



	step_minfloat, optional

	Minimum spectral step.



	step_maxfloat, optional

	Maximum spectral step.



	active_set_nitersfloat, optional

	Maximum number of iterations where no change in support is tolerated.
Exit with EXIT_ACTIVE_SET if no change is observed for activeSetIt
iterations



	subspace_minbool, optional

	Subspace minimization (True) or not (False)



	iscomplexbool, optional

	Problem with complex variables (True) or not (False)



	max_matvecint, optional

	Maximum matrix-vector multiplies allowed



	weights{float, ndarray}, optional

	Weights W in ||Wx||_1



	projectfunc, optional

	Projection function



	primal_normfunc, optional

	Primal norm evaluation fun



	dual_normfunc, optional

	Dual norm eval function







	Returns

	
	xarray_like, shape (n,)

	Inverted model



	rarray_like, shape (m,)

	Final residual



	garray_like, shape (h,)

	Final gradient



	infodict

	Dictionary with the following information:

tau, final value of tau (see sigma above)

rnorm, two-norm of the optimal residual

rgap, relative duality gap (an optimality measure)

gnorm, Lagrange multiplier of (LASSO)


	stat,

	1: found a BPDN solution,
2: found a BP solution; exit based on small gradient,
3: found a BP solution; exit based on small residual,
4: found a LASSO solution,
5: error: too many iterations,
6: error: linesearch failed,
7: error: found suboptimal BP solution,
8: error: too many matrix-vector products





niters, number of iterations

nProdA, number of multiplications with A

nProdAt, number of multiplications with A’

n_newton, number of Newton steps

time_project, projection time (seconds)

time_matprod, matrix-vector multiplications time (seconds)

time_total, total solution time (seconds)

niters_lsqr, number of lsqr iterations (if subspace_min=True)

xnorm1, L1-norm model solution history through iterations

rnorm2, L2-norm residual history through iterations

lambdaa, Lagrange multiplier history through iterations









References


	1

	E. van den Berg and M. P. Friedlander, “Probing the Pareto frontier
for basis pursuit solutions”, SIAM J. on Scientific Computing,
31(2):890-912. (2008).



	2

	E. van den Berg and M. P. Friedlander, “Sparse optimization with
least-squares constraints”, Tech. Rep. TR-2010-02, Dept of
Computer Science, Univ of British Columbia (2010).
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spgl1.oneprojector


	
spgl1.oneprojector(b, d, tau)[source]

	One projector.

Projects b onto the (weighted) one-norm ball of radius tau.
If d=1 solves the problem:

minimize_x  ||b-x||_2  subject to  ||x||_1 <= tau.





else:

minimize_x  ||b-x||_2  subject to  ||Dx||_1 <= tau.






	Parameters

	
	bndarray

	Input vector to be projected.



	d{ndarray, float}

	Weight vector (or scalar)



	taufloat

	Radius of one-norm ball.







	Returns

	
	xarray_like

	Projected vector

















          

      

      

    

  

    
      
          
            
  


spgl1.spg_bp


	
spgl1.spg_bp(A, b, **kwargs)[source]

	Basis pursuit (BP) problem.

spg_bp is designed to solve the basis pursuit problem:

(BP)  minimize  ||x||_1  subject to  Ax = b,





where A is an M-by-N matrix, b is an M-vector.
A can be an explicit M-by-N matrix or a
scipy.sparse.linalg.LinearOperator [https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.sparse.linalg.LinearOperator.html#scipy.sparse.linalg.LinearOperator].

This is equivalent to calling ``spgl1(A, b, tau=0, sigma=0)


	Parameters

	
	A{sparse matrix, ndarray, LinearOperator}

	Representation of an m-by-n matrix.  It is required that
the linear operator can produce Ax and A^T x.



	barray_like, shape (m,)

	Right-hand side vector b.



	kwargsdict, optional

	Additional input parameters (refer to spgl1.spgl1 for a list
of possible parameters)







	Returns

	
	xarray_like, shape (n,)

	Inverted model



	rarray_like, shape (m,)

	Final residual



	garray_like, shape (h,)

	Final gradient



	infodict

	See splg1.
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spgl1.spg_bpdn


	
spgl1.spg_bpdn(A, b, sigma, **kwargs)[source]

	Basis pursuit denoise (BPDN) problem.

spg_bpdn is designed to solve the basis pursuit denoise problem:

(BPDN)  minimize  ||x||_1  subject to  ||A x - b|| <= sigma





where A is an M-by-N matrix, b is an M-vector.
A can be an explicit M-by-N matrix or a
scipy.sparse.linalg.LinearOperator [https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.sparse.linalg.LinearOperator.html#scipy.sparse.linalg.LinearOperator].

This is equivalent to calling ``spgl1(A, b, tau=0, sigma=sigma)


	Parameters

	
	A{sparse matrix, ndarray, LinearOperator}

	Representation of an m-by-n matrix.  It is required that
the linear operator can produce Ax and A^T x.



	barray_like, shape (m,)

	Right-hand side vector b.



	kwargsdict, optional

	Additional input parameters (refer to spgl1.spgl1 for a list
of possible parameters)







	Returns

	
	xarray_like, shape (n,)

	Inverted model



	rarray_like, shape (m,)

	Final residual



	garray_like, shape (h,)

	Final gradient



	infodict

	See spgl1.
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spgl1.spg_lasso


	
spgl1.spg_lasso(A, b, tau, **kwargs)[source]

	LASSO problem.

spg_lasso is designed to solve the Lasso problem:

(LASSO)  minimize  ||Ax - b||_2  subject to  ||x||_1 <= tau





where A is an M-by-N matrix, b is an M-vector.
A can be an explicit M-by-N matrix or a
scipy.sparse.linalg.LinearOperator [https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.sparse.linalg.LinearOperator.html#scipy.sparse.linalg.LinearOperator].

This is equivalent to calling ``spgl1(A, b, tau=tau, sigma=0)


	Parameters

	
	A{sparse matrix, ndarray, LinearOperator}

	Representation of an m-by-n matrix.  It is required that
the linear operator can produce Ax and A^T x.



	barray_like, shape (m,)

	Right-hand side vector b.



	kwargsdict, optional

	Additional input parameters (refer to spgl1.spgl1 for a list
of possible parameters)







	Returns

	
	xarray_like, shape (n,)

	Inverted model



	rarray_like, shape (m,)

	Final residual



	garray_like, shape (h,)

	Final gradient



	infodict

	See spgl1.
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spgl1.spg_mmv


	
spgl1.spg_mmv(A, B, sigma=0, **kwargs)[source]

	MMV problem.

spg_mmv is designed to solve the  multi-measurement vector
basis pursuit denoise:

(MMV)  minimize  ||X||_1,2  subject to  ||A X - B||_2,2 <= sigma





where A is an M-by-N matrix, b is an M-by-G matrix, and `sigma
is a nonnegative scalar. A can be an explicit M-by-N matrix or a
scipy.sparse.linalg.LinearOperator [https://docs.scipy.org/doc/scipy/reference/reference/generated/scipy.sparse.linalg.LinearOperator.html#scipy.sparse.linalg.LinearOperator].


	Parameters

	
	A{sparse matrix, ndarray, LinearOperator}

	Representation of an M-by-N  matrix.  It is required that
the linear operator can produce Ax and A^T x.



	barray_like, shape (m,)

	Right-hand side matrix b of size M-by-G.



	sigmafloat, optional

	BPDN threshold. If different from None, spgl1 solves BPDN problem



	kwargsdict, optional

	Additional input parameters (refer to spgl1.spgl1 for a list
of possible parameters)







	Returns

	
	xarray_like, shape (n,)

	Inverted model



	rarray_like, shape (m,)

	Final residual



	garray_like, shape (h,)

	Final gradient



	infodict

	See spgl1.














Examples using spgl1.spg_mmv


[image: MMV with non-negative norms]

MMV with non-negative norms





[image: SPGL1 Tutorial]

SPGL1 Tutorial









          

      

      

    

  

    
      
          
            
  


Contributors


	Andreas Doll, andreasdoll


	Matteo Ravasi, mrava87


	David Relyea, drrelyea







          

      

      

    

  

    
      
          
            

Index



 O
 | S
 


O


  	
      	oneprojector() (in module spgl1)


  





S


  	
      	spg_bp() (in module spgl1)


      	spg_bpdn() (in module spgl1)


  

  	
      	spg_lasso() (in module spgl1)


      	spg_mmv() (in module spgl1)


      	spgl1() (in module spgl1)


  







          

      

      

    

  

    
      
          
            
  All modules for which code is available

	spgl1




          

      

      

    

  

    
      
          
            
  Source code for spgl1

from __future__ import division, absolute_import
import logging
import time
import numpy as np

from scipy.sparse import spdiags
from scipy.sparse.linalg import aslinearoperator, LinearOperator, lsqr

logger = logging.getLogger(__name__)

# Size of info vector in case of infinite iterations
_allocSize = 10000

# Machine epsilon
_eps = np.spacing(1)

# Exit conditions (constants).
EXIT_ROOT_FOUND = 1
EXIT_BPSOL_FOUND = 2
EXIT_LEAST_SQUARES = 3
EXIT_OPTIMAL = 4
EXIT_ITERATIONS = 5
EXIT_LINE_ERROR = 6
EXIT_SUBOPTIMAL_BP = 7
EXIT_MATVEC_LIMIT = 8
EXIT_ACTIVE_SET = 9
EXIT_CONVERGED_spgline = 0
EXIT_ITERATIONS_spgline = 1
EXIT_NODESCENT_spgline = 2


# private classes
class _LSQRprod(LinearOperator):
    """LSQR operator.

    This operator is used to augument the spgl1 operator during subspace
    minimization via LSQR.
    """
    def __init__(self, A, nnz_idx, ebar, n):
        self.A = A
        self.nnz_idd = nnz_idx
        self.ebar = ebar
        self.nbar = np.size(ebar)
        self.n = n
        self.shape = (A.shape[0], self.nbar)
        self.dtype = A.dtype
    def _matvec(self, x):
        y = np.zeros(self.n, dtype=x.dtype)
        y[self.nnz_idd] = \
            x - (1. / self.nbar) * np.dot(np.dot(np.conj(self.ebar),
                                                 x), self.ebar)
        z = self.A.matvec(y)
        return z
    def _rmatvec(self, x):
        y = self.A.rmatvec(x)
        z = y[self.nnz_idd] - \
            (1. / self.nbar) * np.dot(np.dot(np.conj(self.ebar),
                                             y[self.nnz_idd]), self.ebar)
        return z

class _blockdiag(LinearOperator):
    """Block-diagonal operator.

    This operator is created to work with the spg_mmv solver, which solves
    a multi-measurement basis pursuit denoise problem. Model and data are
    matrices of size ``N x G`` and ``M x G`` respectively,
    and the operator ``A`` is applied to each column of the vectors.
    """
    def __init__(self, A, m, n, g):
        self.m = m
        self.n = n
        self.g = g
        self.A = A
        self.AH = A.H
        self.shape = (m*g, n*g)
        self.dtype = A.dtype
    def _matvec(self, x):
        x = x.reshape(self.n, self.g)
        y = self.A.matmat(x)
        return y.ravel()
    def _rmatvec(self, x):
        x = x.reshape(self.m, self.g)
        y = self.AH.matmat(x)
        return y.ravel()

# private methods
def _printf(fid, message):
    """Print a message in file (fid=file ID) or on screen (fid=None)
    """
    if fid is None:
        print(message)
    else:
        fid.write(message)

def _oneprojector_i(b, tau):
    n = b.size
    x = np.zeros(n, dtype=b.dtype)
    bNorm = np.linalg.norm(b, 1)

    if tau >= bNorm:
        return b.copy()
    elif tau < np.spacing(1):
        pass
    else:
        idx = np.argsort(b)[::-1]
        b = b[idx]

        csb = np.cumsum(b) - tau
        alpha = np.zeros(n + 1)
        alpha[1:] = csb / (np.arange(n) + 1.0)
        alphaindex = np.where(alpha[1:] >= b)[0]
        if alphaindex.any():
            alphaPrev = alpha[alphaindex[0]]
        else:
            alphaPrev = alpha[-1]

        x[idx] = b - alphaPrev
        x[x < 0] = 0
    return x

def _oneprojector_d(b, d, tau):
    n = b.size
    x = np.zeros(n, dtype=b.dtype)

    if tau >= np.linalg.norm(d*b, 1):
        x = b.copy()
    elif tau < np.spacing(1):
        pass
    else:
        # Preprocessing
        idx = np.argsort(b / d)[::-1]
        b = b[idx]
        d = d[idx]

        # Optimize
        csdb = np.cumsum(d*b)
        csd2 = np.cumsum(d*d)
        alpha1 = (csdb-tau)/csd2
        alpha2 = b/d
        ggg = np.where(alpha1 >= alpha2)[0]
        if ggg.size == 0:
            i = n
        else:
            i = ggg[0]
        if i > 0:
            soft = alpha1[i-1]
            x[idx[0:i]] = b[0:i] - d[0:i] * max(0, soft)
    return x

def _oneprojector_di(b, d, tau):
    if np.isscalar(d):
        p = _oneprojector_i(b, tau/abs(d))
    else:
        p = _oneprojector_d(b, d, tau)
    return p

[docs]def oneprojector(b, d, tau):
    """One projector.

    Projects b onto the (weighted) one-norm ball of radius tau.
    If d=1 solves the problem::

        minimize_x  ||b-x||_2  subject to  ||x||_1 <= tau.

    else::

        minimize_x  ||b-x||_2  subject to  ||Dx||_1 <= tau.

    Parameters
    ----------
    b : ndarray
        Input vector to be projected.
    d : {ndarray, float}
        Weight vector (or scalar)
    tau : float
        Radius of one-norm ball.

    Returns
    -------
    x : array_like
        Projected vector

    """
    if not np.isscalar(d) and b.size != d.size:
        raise ValueError('vectors b and d must have the same length')

    if np.isscalar(d) and d == 0:
        x = b.copy()
    else:
        # Get sign of b and set to absolute values
        s = np.sign(b)
        b = np.abs(b)

        # Perform the projection
        if np.isscalar(d):
            x = _oneprojector_di(b, 1., tau/d)
        else:
            d = np.abs(d)
            # Get index of non-zero entries of d, set x equal b for others
            idx = np.where(d > np.spacing(1))
            x = b.copy()
            x[idx] = _oneprojector_di(b[idx], d[idx], tau)
        # Restore signs in x
        x *= s.astype(x.dtype)

    return x


def _norm_l1_primal(x, weights):
    """L1 norm with weighted input vector

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}
        Weights

    Returns
    -------
    . : float
        L1 norm

    """
    return np.linalg.norm(x*weights, 1)

def _norm_l1_dual(x, weights):
    """L_inf norm with weighted input vector (dual to L1 norm)

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}
        Weights

    Returns
    -------
    . : float
        L_inf norm

    """
    return np.linalg.norm(x/weights, np.inf)

def _norm_l1_project(x, weights, tau):
    """Projection onto the one-norm ball

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    tau : float
        Projection radius

    Returns
    -------
    xproj : float
        Projected array

    """
    if not np.iscomplexobj(x):
        xproj = oneprojector(x, weights, tau)
    else:
        xa = np.abs(x)
        idx = xa < _eps
        xc = oneprojector(xa, weights, tau)
        xc /= xa + 1e-10
        xc[idx] = 0
        xproj = x * xc
    return xproj

def _norm_l12_primal(g, x, weights):
    """L1 norm with weighted input vector with number of groups equal to g
    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    Returns
    -------
    nrm : float
        Group norm
    """
    m = x.size // g
    xx = x.copy()
    xx = xx.reshape(m, g)
    if np.iscomplexobj(xx):
        xx = np.abs(xx)
    nrm = np.sum(weights * np.sqrt(np.sum(xx**2, axis=1)))
    return nrm

def _norm_l12_dual(g, x, weights):
    """L_inf norm with weighted input vector with number of groups equal to g
    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    Returns
    -------
    nrm : float
        Group norm
    """
    m = x.size // g
    xx = x.copy()
    xx = xx.reshape(m, g)
    if np.iscomplexobj(xx):
        xx = np.abs(xx)
    nrm = np.linalg.norm(np.sqrt(np.sum(xx**2, axis=1))/weights, np.inf)
    return nrm

def _norm_l12_project(g, x, weights, tau):
    """Projection with number of groups equal to g
    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    tau : float
        Projection radius
    Returns
    -------
    x : float
        Projected array
    """
    m = x.size // g
    xx = x.copy()
    xx = xx.reshape(m, g)
    if np.iscomplexobj(xx):
        xx = np.abs(xx)
    xa = np.sqrt(np.sum(xx**2, axis=1))

    idx = xa < np.spacing(1)
    xc = oneprojector(xa, weights, tau)
    xc = xc / xa
    xc[idx] = 0
    xx = spdiags(xc, 0, m, m) * xx
    return xx.flatten()

def norm_l1nn_primal(x, weights):
    """Non-negative L1 gauge function

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights

    Returns
    -------
    p : float
        Norm

    """
    if np.any(x < 0):
        p = np.inf
    else:
        p = np.linalg.norm(x * weights, 1)
    return p

def norm_l1nn_dual(x, weights):
    """Dual of non-negative L1 gauge function

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights

    Returns
    -------
    p : float
        Norm

    """
    xx = x.copy()
    xx[xx < 0] = 0
    p = np.linalg.norm(xx/weights, np.inf)
    return p

def norm_l1nn_project(x, weights, tau):
    """Projection onto the non-negative part of the one-norm ball

    Parameters
    ----------
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    tau : float
        Projection radius

    Returns
    -------
    . : float
        Projected array

    """
    xx = x.copy()
    xx[xx < 0] = 0
    return _norm_l1_project(xx, weights, tau)

def norm_l12nn_primal(g, x, weights):
    """Non-negative L1 norm with weighted input vector with number
    of groups equal to g

    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights

    Returns
    -------
    nrm : float
        Group norm

    """
    m = x.size // g

    if np.any(x < 0):
        nrm = np.inf
    else:
        xm = x.reshape(m, g)
        if np.iscomplexobj(x):
            xm = np.abs(xm)
        nrm = np.sum(weights*np.sqrt(np.sum(xm**2, axis=1)))
    return nrm

def norm_l12nn_dual(g, x, weights):
    """Dual on non-legative L1L norm with weighted input vector
    with number of groups equal to g

    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights

    Returns
    -------
    nrm : float
        Group norm

    """
    m = x.size // g
    xx = x.copy()
    xx = xx.reshape(m, g)

    if np.iscomplexobj(xx):
        xx = np.abs(xx)
    xx[xx < 0] = 0
    nrm = np.linalg.norm(np.sqrt(np.sum(xx ** 2, axis=1)) / weights, np.inf)
    return nrm

def norm_l12nn_project(g, x, weights, tau):
    """Projection with number of groups equal to g

    Parameters
    ----------
    g : int
        Number of groups
    x : ndarray
        Input array
    weights : {float, ndarray}, optional
        Weights
    tau : float
        Projection radius

    Returns
    -------
    x : float
        Projected array

    """
    xx = x.copy()
    if np.iscomplexobj(xx):
        xx = np.abs(xx)
    xx[xx < 0] = 0
    return _norm_l12_project(g, xx, weights, tau)

def _spg_line_curvy(x, g, fmax, A, b, project, weights, tau):
    """Projected backtracking linesearch.

    On entry, g is the (possibly scaled) steepest descent direction.

    Parameters
    ----------
    x : ndarray
        Input array
    g : ndarray
        Input gradient
    fmax : float
        Maximum residual norm
    A : {sparse matrix, ndarray, LinearOperator}
        Operator
    b : ndarray
        Data
    project : func, optional
        Projection function
    weights : {float, ndarray}, optional
        Weights ``W`` in ``||Wx||_1``
    tau : float, optional
        Projection radium

    Returns
    -------
    fnew : float
        Residual norm after linesearch projection
    xnew : ndarray
        Model after linesearch projection
    rnew : ndarray
        Residual after linesearch projection
    niters : int
        Number of iterations
    step : int
        Final step
    err : int
        Error flag
    timeproject : float
        Time in secs for projection
    timematprod : float
        Time in secs for matvec computations

    """
    gamma = 1e-4
    maxiters = 10
    step = 1.
    snorm = 0.
    scale = 1.
    nsafe = 0
    niters = 0
    n = x.size
    timeproject = 0
    timematprod = 0
    while 1:
        # Evaluate trial point and function value.
        start_time_project = time.time()
        xnew = project(x - step*scale*g, weights, tau)
        timeproject += time.time() - start_time_project
        start_time_matprod = time.time()
        rnew = b - A.matvec(xnew)
        timematprod += time.time() - start_time_matprod
        fnew = np.abs(np.conj(rnew).dot(rnew)) / 2.
        s = xnew - x
        gts = scale * np.real(np.dot(np.conj(g), s))

        if gts >= 0:
            err = EXIT_NODESCENT_spgline
            break

        if fnew < fmax + gamma*step*gts:
            err = EXIT_CONVERGED_spgline
            break
        elif niters >= maxiters:
            err = EXIT_ITERATIONS_spgline
            break

        # New linesearch iteration.
        niters += 1
        step /= 2.

        # Safeguard: If stepMax is huge, then even damped search
        # directions can give exactly the same point after projection. If
        # we observe this in adjacent iterations, we drastically damp the
        # next search direction.
        snormold = snorm
        snorm = np.linalg.norm(s) / np.sqrt(n)
        if abs(snorm - snormold) <= 1e-6 * snorm:
            gnorm = np.linalg.norm(g) / np.sqrt(n)
            scale = snorm / gnorm / (2.**nsafe)
            nsafe += 1.
    return fnew, xnew, rnew, niters, step, err, timeproject, timematprod

def _spg_line(f, x, d, gtd, fmax, A, b):
    """Non-monotone linesearch.

    Parameters
    ----------
    f : float
        Residual norm
    x : ndarray
        Input array
    d : float
        Difference between input array and proposed projected array
    gtd : float
        Dot product between gradient and d
    fmax : float
        Maximum residual norm
    A : {sparse matrix, ndarray, LinearOperator}
        Operator
    b : ndarray
        Data

    Returns
    -------
    fnew : float
        Residual norm after linesearch projection
    xnew : ndarray
        Model after linesearch projection
    xnew : ndarray
        Residual after linesearch projection
    niters : int
        Number of iterations
    err : int
        Error flag
    timematprod : float
        Time in secs for matvec computations

    """
    maxiters = 10
    step = 1.
    niters = 0
    gamma = 1e-4
    gtd = -abs(gtd)
    timematprod = 0
    while 1:
        # Evaluate trial point and function value.
        xnew = x + step*d
        start_time_matprod = time.time()
        rnew = b - A.matvec(xnew)
        timematprod += time.time() - start_time_matprod
        fnew = abs(np.conj(rnew).dot(rnew)) / 2.

        # Check exit conditions.
        if fnew < fmax + gamma*step*gtd: # Sufficient descent condition.
            err = EXIT_CONVERGED_spgline
            break
        elif  niters >= maxiters: # Too many linesearch iterations.
            err = EXIT_ITERATIONS_spgline
            break

        # New line-search iteration.
        niters += 1

        # Safeguarded quadratic interpolation.
        if step <= 0.1:
            step /= 2.
        else:
            tmp = (-gtd*step**2.) / (2*(fnew-f-step*gtd))
            if tmp < 0.1 or tmp > 0.9*step or np.isnan(tmp):
                tmp = step / 2.
            step = tmp
    return fnew, xnew, rnew, niters, err, timematprod

def _active_vars(x, g, nnz_idx, opttol, weights, dual_norm):
    """Find the current active set.

    Returns
    -------
    nnz_x : int
        Number of nonzero elements in x.
    nnz_g : int
        Number of elements in nnz_idx.
    nnz_idx : array_like
        Vector of primal/dual indicators.
    nnz_diff : int
        Number of elements that changed in the support.

    """
    xtol = min([.1, 10.*opttol])
    gtol = min([.1, 10.*opttol])
    gnorm = dual_norm(g, weights)
    nnz_old = nnz_idx

    # Reduced costs for positive and negative parts of x.
    z1 = gnorm + g
    z2 = gnorm - g

    # Primal/dual based indicators.
    xpos = (x > xtol) & (z1 < gtol)
    xneg = (x < -xtol) & (z2 < gtol)
    nnz_idx = xpos | xneg

    # Count is based on simple primal indicator.
    nnz_x = np.sum(np.abs(x) >= xtol)
    nnz_g = np.sum(nnz_idx)

    if nnz_old is None:
        nnz_diff = np.inf
    else:
        nnz_diff = np.sum(nnz_idx != nnz_old)

    return nnz_x, nnz_g, nnz_idx, nnz_diff


[docs]def spgl1(A, b, tau=0, sigma=0, x0=None, fid=None, verbosity=0,
          iter_lim=None, n_prev_vals=3, bp_tol=1e-6,
          ls_tol=1e-6, opt_tol=1e-4, dec_tol=1e-4, step_min=1e-16,
          step_max=1e5, active_set_niters=np.inf, subspace_min=False,
          iscomplex=False, max_matvec=np.inf, weights=None,
          project=_norm_l1_project, primal_norm=_norm_l1_primal,
          dual_norm=_norm_l1_dual):
    r"""SPGL1 solver.

    Solve basis pursuit (BP), basis pursuit denoise (BPDN), or LASSO problems
    [1]_ [2]_ depending on the choice of ``tau`` and ``sigma``::

        (BP)     minimize  ||x||_1  subj. to  Ax = b

        (BPDN)   minimize  ||x||_1  subj. to  ||Ax-b||_2 <= sigma

        (LASSO)  minimize  ||Ax-b||_2  subj, to  ||x||_1 <= tau

    The matrix ``A`` may be square or rectangular (over-determined or
    under-determined), and may have any rank.

    Parameters
    ----------
    A : {sparse matrix, ndarray, LinearOperator}
        Representation of an m-by-n matrix.  It is required that
        the linear operator can produce ``Ax`` and ``A^T x``.
    b : array_like, shape (m,)
        Right-hand side vector ``b``.
    tau : float, optional
        LASSO threshold. If different from ``None``, spgl1 solves LASSO problem
    sigma : float, optional
        BPDN threshold. If different from ``None``, spgl1 solves BPDN problem
    x0 : array_like, shape (n,), optional
        Initial guess of x, if None zeros are used.
    fid : file, optional
        File ID to direct log output, if None print on screen.
    verbosity : int, optional
        0=quiet, 1=some output, 2=more output.
    iter_lim : int, optional
        Max. number of iterations (default if ``10*m``).
    n_prev_vals : int, optional
         Line-search history lenght.
    bp_tol : float, optional
        Tolerance for identifying a basis pursuit solution.
    ls_tol : float, optional
         Tolerance for least-squares solution. Iterations are stopped when the
         ratio between the dual norm of the gradient and the L2 norm of the
         residual becomes smaller or equal to ``ls_tol``.
    opt_tol : float, optional
        Optimality tolerance. More specifically, when using basis pursuit
        denoise, the optimility condition is met when the absolute difference
        between the L2 norm of the residual and the ``sigma`` is smaller than
        ``opt_tol``.
    dec_tol : float, optional
        Required relative change in primal objective for Newton.
        Larger ``decTol`` means more frequent Newton updates.
    step_min : float, optional
        Minimum spectral step.
    step_max : float, optional
        Maximum spectral step.
    active_set_niters : float, optional
        Maximum number of iterations where no change in support is tolerated.
        Exit with EXIT_ACTIVE_SET if no change is observed for ``activeSetIt``
        iterations
    subspace_min : bool, optional
        Subspace minimization (``True``) or not (``False``)
    iscomplex : bool, optional
        Problem with complex variables (``True``) or not (``False``)
    max_matvec : int, optional
        Maximum matrix-vector multiplies allowed
    weights : {float, ndarray}, optional
        Weights ``W`` in ``||Wx||_1``
    project : func, optional
        Projection function
    primal_norm : func, optional
        Primal norm evaluation fun
    dual_norm : func, optional
         Dual norm eval function

    Returns
    -------
    x : array_like, shape (n,)
        Inverted model
    r : array_like, shape (m,)
        Final residual
    g : array_like, shape (h,)
        Final gradient
    info : dict
        Dictionary with the following information:

        ``tau``, final value of tau (see sigma above)

        ``rnorm``, two-norm of the optimal residual

        ``rgap``, relative duality gap (an optimality measure)

        ``gnorm``, Lagrange multiplier of (LASSO)

        ``stat``,
           ``1``: found a BPDN solution,
           ``2``: found a BP solution; exit based on small gradient,
           ``3``: found a BP solution; exit based on small residual,
           ``4``: found a LASSO solution,
           ``5``: error: too many iterations,
           ``6``: error: linesearch failed,
           ``7``: error: found suboptimal BP solution,
           ``8``: error: too many matrix-vector products

        ``niters``, number of iterations

        ``nProdA``, number of multiplications with A

        ``nProdAt``, number of multiplications with A'

        ``n_newton``, number of Newton steps

        ``time_project``, projection time (seconds)

        ``time_matprod``, matrix-vector multiplications time (seconds)

        ``time_total``, total solution time (seconds)

        ``niters_lsqr``, number of lsqr iterations (if ``subspace_min=True``)

        ``xnorm1``, L1-norm model solution history through iterations

        ``rnorm2``, L2-norm residual history through iterations

        ``lambdaa``, Lagrange multiplier history through iterations

    References
    ----------
    .. [1] E. van den Berg and M. P. Friedlander, "Probing the Pareto frontier
             for basis pursuit solutions", SIAM J. on Scientific Computing,
             31(2):890-912. (2008).
    .. [2] E. van den Berg and M. P. Friedlander, "Sparse optimization with
             least-squares constraints", Tech. Rep. TR-2010-02, Dept of
             Computer Science, Univ of British Columbia (2010).

    """
    start_time = time.time()

    A = aslinearoperator(A)
    m, n = A.shape

    if tau == 0:
        single_tau = False
    else:
        single_tau = True

    if iter_lim is None:
        iter_lim = 10 * m

    max_line_errors = 10 # Maximum number of line-search failures.
    piv_tol = 1e-12 # Threshold for significant Newton step.
    max_matvec = max(3, max_matvec) # Max number of allowed matvec/rmatvec.

    # Initialize local variables.
    niters = 0 # Total SPGL1 iterations.
    niters_lsqr = 0 # Total LSQR iterations.
    nprodA = 0 # Number of matvec operations
    nprodAt = 0 # Number of rmatvec operations
    last_fv = np.full(10, -np.inf) # Last m function values.
    nline_tot = 0  # Total number of linesearch steps.
    print_tau = False
    n_newton = 0 # Number of Newton iterations
    bnorm = np.linalg.norm(b)
    stat = False
    time_project = 0 # Time spent in projections
    time_matprod = 0 # Time spent in matvec computations
    nnz_niters = 0 # No. of iterations with fixed pattern.
    nnz_idx = None # Active-set indicator.
    subspace = False # Flag if did subspace min in current itn.
    stepg = 1 # Step length for projected gradient.
    test_updatetau = False # Previous step did not update tau

    # Determine initial x and see if problem is complex
    realx = np.lib.isreal(A).all() and np.lib.isreal(b).all()
    if x0 is None:
        x = np.zeros(n, dtype=b.dtype)
    else:
        x = np.asarray(x0)

    # Override realx when iscomplex flag is set
    if iscomplex:
        realx = False

    # Check if all weights (if any) are strictly positive. In previous
    # versions we also checked if the number of weights was equal to
    # n. In the case of multiple measurement vectors, this no longer
    # needs to apply, so the check was removed.
    if weights is not None:
        if not np.isfinite(weights).all():
            raise ValueError('Entries in weights must be finite')
        if np.any(weights <= 0):
            raise ValueError('Entries in weights must be strictly positive')
    else:
        weights = 1

    # Quick exit if sigma >= ||b||.  Set tau = 0 to short-circuit the loop.
    if bnorm <= sigma:
        logger.warning('W: sigma >= ||b||.  Exact solution is x = 0.')
        tau = 0
        single_tau = True

    # Do not do subspace minimization if x is complex.
    if not realx and subspace_min:
        logger.warning('W: Subspace minimization disabled when variables are complex.')
        subspace_min = False

    #% Pre-allocate iteration info vectors
    xnorm1 = np.zeros(min(iter_lim + 1, _allocSize))
    rnorm2 = np.zeros(min(iter_lim + 1, _allocSize))
    lambdaa = np.zeros(min(iter_lim + 1, _allocSize))

    # Log header.
    if verbosity >= 1:
        _printf(fid, '')
        _printf(fid, '='*80+'')
        _printf(fid, 'SPGL1')
        _printf(fid, '='*80+'')
        _printf(fid, '%-22s: %8i %4s' % ('No. rows', m, ''))
        _printf(fid, '%-22s: %8i\n' % ('No. columns', n))
        _printf(fid, '%-22s: %8.2e %4s' % ('Initial tau', tau, ''))
        _printf(fid, '%-22s: %8.2e\n' % ('Two-norm of b', bnorm))
        _printf(fid, '%-22s: %8.2e %4s' % ('Optimality tol', opt_tol, ''))
        if single_tau:
            _printf(fid, '%-22s: %8.2e\n'  % ('Target one-norm of x', tau))
        else:
            _printf(fid, '%-22s: %8.2e\n' % ('Target objective', sigma))
        _printf(fid, '%-22s: %8.2e %4s' % ('Basis pursuit tol', bp_tol, ''))
        _printf(fid, '%-22s: %8i\n' % ('Maximum iterations', iter_lim))
        if verbosity >= 2:
            if single_tau:
                logb = '%5i  %13.7e  %13.7e  %9.2e  %6.1f  %6i  %6i %6s'
                logh = '%5s  %13s  %13s  %9s  %6s  %6s  %6s\n'
                _printf(fid, logh % ('iterr', 'Objective', 'Relative Gap',
                                     'gnorm', 'stepg', 'nnz_x', 'nnz_g'))
            else:
                logb = '%5i  %13.7e  %13.7e  %9.2e  %9.3e  %6.1f  %6i  %6i %6s'
                logh = '%5s  %13s  %13s  %9s  %9s  %6s  %6s  %6s  %6s\n'
                _printf(fid, logh % ('iterr', 'Objective', 'Relative Gap',
                                     'Rel Error', 'gnorm', 'stepg', 'nnz_x',
                                     'nnz_g', 'tau'))

    # Project the starting point and evaluate function and gradient.
    start_time_project = time.time()
    x = project(x, weights, tau)
    time_project += time.time() - start_time_project
    start_time_matvec = time.time()
    r = b - A.matvec(x) # r = b - Ax
    g = -A.rmatvec(r) # g = -A'r
    time_matprod += time.time() - start_time_matvec
    f = np.linalg.norm(r)**2 / 2.
    nprodA += 1
    nprodAt += 1

    # Required for nonmonotone strategy.
    last_fv[0] = f
    fbest = f
    xbest = x.copy()
    fold = f

    # Compute projected gradient direction and initial step length.
    start_time_project = time.time()
    dx = project(x - g, weights, tau) - x
    time_project += time.time() - start_time_project
    dxnorm = np.linalg.norm(dx, np.inf)
    if dxnorm < (1. / step_max):
        gstep = step_max
    else:
        gstep = min(step_max, max(step_min, 1. / dxnorm))

    # Main iteration loop.
    while 1:
        # Test exit conditions.

        # Compute quantities needed for log and exit conditions.
        gnorm = dual_norm(-g, weights)
        rnorm = np.linalg.norm(r)
        gap = np.dot(np.conj(r), r-b) + tau*gnorm
        rgap = abs(gap) / max(1., f)
        aerror1 = rnorm - sigma
        aerror2 = f - sigma**2. / 2.
        rerror1 = abs(aerror1) / max(1., rnorm)
        rerror2 = abs(aerror2) / max(1., f)

        #% Count number of consecutive iterations with identical support.
        nnz_old = nnz_idx
        nnz_x, nnz_g, nnz_idx, nnz_diff = _active_vars(x, g, nnz_idx, opt_tol,
                                                       weights, dual_norm)
        if nnz_diff:
            nnz_niters = 0
        else:
            nnz_niters += nnz_niters
            if nnz_niters+1 >= active_set_niters:
                stat = EXIT_ACTIVE_SET

        # Single tau: Check if were optimal.
        # The 2nd condition is there to guard against large tau.
        if single_tau:
            if rgap <= opt_tol or rnorm < opt_tol*bnorm:
                stat = EXIT_OPTIMAL
        else: # Multiple tau: Check if found root and/or if tau needs updating.
            # Test if a least-squares solution has been found
            if gnorm <= ls_tol * rnorm:
                stat = EXIT_LEAST_SQUARES
            if rgap <= max(opt_tol, rerror2) or rerror1 <= opt_tol:
                # The problem is nearly optimal for the current tau.
                # Check optimality of the current root.
                if rnorm <= sigma:
                    stat = EXIT_SUBOPTIMAL_BP # Found suboptimal BP sol.
                if rerror1 <= opt_tol:
                    stat = EXIT_ROOT_FOUND # Found approx root.
                if rnorm <= bp_tol * bnorm:
                    stat = EXIT_BPSOL_FOUND # Resid minimzd -> BP sol.
            fchange = np.abs(f - fold)
            test_relchange1 = fchange <= dec_tol * f
            test_relcchange2 = fchange <= 1e-1 * f * (np.abs(rnorm - sigma))
            test_updatetau = ((test_relchange1 and rnorm > 2 * sigma) or \
                              (test_relcchange2 and rnorm <= 2 * sigma)) and \
                             not stat and not test_updatetau

            if test_updatetau:
                # Update tau.
                tau_old = tau
                tau = max(0, tau + (rnorm * aerror1) / gnorm)
                n_newton += 1
                print_tau = np.abs(tau_old - tau) >= 1e-6 * tau # For log only.
                if tau < tau_old:
                    # The one-norm ball has decreased. Need to make sure that
                    # the next iterate is feasible, which we do by projecting it.
                    start_time_project = time.time()
                    x = project(x, weights, tau)
                    time_project += time.time() - start_time_project

                    # Update the residual, gradient, and function value
                    start_time_matvec = time.time()
                    r = b - A.matvec(x)
                    g = - A.rmatvec(r)
                    time_matprod += time.time() - start_time_matvec

                    f = np.linalg.norm(r) ** 2 / 2.
                    nprodA += 1
                    nprodAt += 1

                    # Reset the function value history.
                    last_fv = np.full(10, -np.inf)
                    last_fv[1] = f

        # Too many iterations and not converged.
        if not stat and niters >= iter_lim:
            stat = EXIT_ITERATIONS

        # Print log, update history and act on exit conditions.
        if verbosity >= 2 and \
                (((niters < 10) or (iter_lim - niters < 10) or (niters % 10 == 0))
                 or single_tau or print_tau or stat):
            tauflag = '              '
            subflag = ''
            if print_tau:
                tauflag = ' %13.7e' %tau
            if subspace:
                subflag = ' S %2i' % niters_lsqr
            if single_tau:
                _printf(fid, logb %(niters, rnorm, rgap, gnorm, np.log10(stepg),
                                    nnz_x, nnz_g, subflag))
                if subspace:
                    _printf(fid, '  %s' % subflag)
            else:
                _printf(fid, logb %(niters, rnorm, rgap, rerror1, gnorm,
                                    np.log10(stepg), nnz_x, nnz_g,
                                    tauflag+subflag))
        print_tau = False
        subspace = False

        # Update history info
        if niters > 0 and niters % _allocSize == 0: # enlarge allocation
            allocincrement = min(_allocSize, iter_lim-xnorm1.shape[0])
            xnorm1 = np.hstack((xnorm1, np.zeros(allocincrement)))
            rnorm2 = np.hstack((rnorm2, np.zeros(allocincrement)))
            lambdaa = np.hstack((lambdaa, np.zeros(allocincrement)))

        xnorm1[niters] = primal_norm(x, weights)
        rnorm2[niters] = rnorm
        lambdaa[niters] = gnorm

        if stat:
            break

        # Iterations begin here.
        niters += 1
        xold = x.copy()
        fold = f.copy()
        gold = g.copy()
        rold = r.copy()

        while 1:
            # Projected gradient step and linesearch.
            f, x, r, niter_line, stepg, lnerr, \
            time_project_curvy, time_matprod_curvy = \
               _spg_line_curvy(x, gstep*g, max(last_fv), A, b,
                               project, weights, tau)
            time_project += time_project_curvy
            time_matprod += time_matprod_curvy
            nprodA += niter_line + 1
            nline_tot += niter_line
            if nprodA + nprodAt > max_matvec:
                stat = EXIT_MATVEC_LIMIT
                break

            if lnerr:
                # Projected backtrack failed.
                # Retry with feasible dirn linesearch.
                x = xold.copy()
                f = fold
                start_time_project = time.time()
                dx = project(x - gstep*g, weights, tau) - x
                time_project += time.time() - start_time_project
                gtd = np.dot(np.conj(g), dx)
                f, x, r, niter_line, lnerr, time_matprod = \
                    _spg_line(f, x, dx, gtd, max(last_fv), A, b)
                time_matprod += time_matprod
                nprodA += niter_line + 1
                nline_tot += niter_line
                if nprodA + nprodAt > max_matvec:
                    stat = EXIT_MATVEC_LIMIT
                    break

                if lnerr:
                    # Failed again.
                    # Revert to previous iterates and damp max BB step.
                    x = xold
                    f = fold
                    if max_line_errors <= 0:
                        stat = EXIT_LINE_ERROR
                    else:
                        step_max = step_max / 10.
                        logger.warning('Linesearch failed with error %s. '
                                       'Damping max BB scaling to %s', lnerr,
                                       step_max)
                        max_line_errors -= 1

            # Subspace minimization (only if active-set change is small).
            if subspace_min:
                start_time_matvec = time.time()
                g = - A.rmatvec(r)
                time_matprod += time.time() - start_time_matvec
                nprodAt += 1
                nnz_x, nnz_g, nnz_idx, nnz_diff = \
                    _active_vars(x, g, nnz_old, opt_tol, weights, dual_norm)
                if not nnz_diff:
                    if nnz_x == nnz_g:
                        iter_lim_lsqr = 20
                    else:
                        iter_lim_lsqr = 5
                    nnz_idx = np.abs(x) >= opt_tol

                    ebar = np.sign(x[nnz_idx])
                    nebar = np.size(ebar)
                    Sprod = _LSQRprod(A, nnz_idx, ebar, n)

                    dxbar, istop, niters_lsqr = \
                       lsqr(Sprod, r, 1e-5, 1e-1, 1e-1, 1e12,
                            iter_lim=iter_lim_lsqr, show=0)[0:3]
                    nprodA += niters_lsqr
                    nprodAt += niters_lsqr + 1
                    niters_lsqr = niters_lsqr + niters_lsqr

                    # LSQR iterations successful. Take the subspace step.
                    if istop != 4:
                        # Push dx back into full space: dx = Z dx.
                        dx = np.zeros(n, dtype=x.dtype)
                        dx[nnz_idx] = \
                            dxbar - (1/nebar)*np.dot(np.dot(np.conj(ebar.T),
                                                            dxbar), dxbar)

                        # Find largest step to a change in sign.
                        block1 = nnz_idx & (x < 0) & (dx > +piv_tol)
                        block2 = nnz_idx & (x > 0) & (dx < -piv_tol)
                        alpha1 = np.inf
                        alpha2 = np.inf
                        if np.any(block1):
                            alpha1 = min(-x[block1] / dx[block1])
                        if np.any(block2):
                            alpha2 = min(-x[block2] / dx[block2])
                        alpha = min([1, alpha1, alpha2])
                        if alpha < 0:
                            raise ValueError('Alpha smaller than zero')
                        if np.dot(np.conj(ebar.T), dx[nnz_idx]) > opt_tol:
                            raise ValueError('Subspace update signed sum '
                                             'bigger than tolerance')
                        # Update variables.
                        x = x + alpha*dx
                        start_time_matvec = time.time()
                        r = b - A.matvec(x)
                        time_matprod += time.time() - start_time_matvec
                        f = abs(np.dot(np.conj(r), r)) / 2.
                        subspace = True
                        nprodA += 1

                if primal_norm(x, weights) > tau + opt_tol:
                    raise ValueError('Primal norm out of bound')

            # Update gradient and compute new Barzilai-Borwein scaling.
            if not lnerr:
                start_time_matvec = time.time()
                g = - A.rmatvec(r)
                time_matprod += time.time() - start_time_matvec
                nprodAt += 1
                s = x - xold
                y = g - gold
                sts = np.dot(np.conj(s), s)
                sty = np.dot(np.conj(s), y)
                if sty <= 0:
                    gstep = step_max
                else:
                    gstep = min(step_max, max(step_min, sts / sty))
            else:
                gstep = min(step_max, gstep)
            break # Leave while loop. This is done to allow stopping the
            # computations at any time within the loop if max_matvec is
            # reached. If this is not the case, the loop is stopped here.

        if stat == EXIT_MATVEC_LIMIT:
            niters -= 1
            x = xold.copy()
            f = fold
            g = gold.copy()
            r = rold.copy()
            break

        #  Update function history.
        if single_tau or f > sigma**2 / 2.: # Dont update if superoptimal.
            last_fv[np.mod(niters, n_prev_vals)] = f.copy()
            if fbest > f:
                fbest = f.copy()
                xbest = x.copy()

    # Restore best solution (only if solving single problem).
    if single_tau and f > fbest:
        rnorm = np.sqrt(2.*fbest)
        print('Restoring best iterate to objective '+str(rnorm))
        x = xbest.copy()
        start_time_matvec = time.time()
        r = b - A.matvec(x)
        g = - A.rmatvec(r)
        time_matprod += time.time() - start_time_matvec
        gnorm = dual_norm(g, weights)
        rnorm = np.linalg.norm(r)
        nprodA += 1
        nprodAt += 1

    # Final cleanup before exit.
    info = {}
    info['tau'] = tau
    info['rnorm'] = rnorm
    info['rgap'] = rgap
    info['gnorm'] = gnorm
    info['stat'] = stat
    info['niters'] = niters
    info['nprodA'] = nprodA
    info['nprodAt'] = nprodAt
    info['n_newton'] = n_newton
    info['time_project'] = time_project
    info['time_matprod'] = time_matprod
    info['niters_lsqr'] = niters_lsqr
    info['time_total'] = time.time() - start_time
    info['xnorm1'] = xnorm1[0:niters]
    info['rnorm2'] = rnorm2[0:niters]
    info['lambdaa'] = lambdaa[0:niters]

    # Print final output.
    if verbosity >= 1:
        _printf(fid, '')
        if stat == EXIT_OPTIMAL:
            _printf(fid, 'EXIT -- Optimal solution found')
        elif stat == EXIT_ITERATIONS:
            _printf(fid, 'ERROR EXIT -- Too many iterations')
        elif stat == EXIT_ROOT_FOUND:
            _printf(fid, 'EXIT -- Found a root')
        elif stat == EXIT_BPSOL_FOUND:
            _printf(fid, 'EXIT -- Found a BP solution')
        elif stat == EXIT_LEAST_SQUARES:
            _printf(fid, 'EXIT -- Found a least-squares solution')
        elif stat == EXIT_LINE_ERROR:
            _printf(fid, 'ERROR EXIT -- Linesearch error (%d)' % lnerr)
        elif stat == EXIT_SUBOPTIMAL_BP:
            _printf(fid, 'EXIT -- Found a suboptimal BP solution')
        elif stat == EXIT_MATVEC_LIMIT:
            _printf(fid, 'EXIT -- Maximum matrix-vector operations reached')
        elif stat == EXIT_ACTIVE_SET:
            _printf(fid, 'EXIT -- Found a possible active set')
        else:
            _printf(fid, 'SPGL1 ERROR: Unknown termination condition')
        _printf(fid, '')

        _printf(fid, '%-20s:  %6i %6s %-20s:  %6.1f' %
                ('Products with A', nprodA, '', 'Total time   (secs)',
                 info['time_total']))
        _printf(fid, '%-20s:  %6i %6s %-20s:  %6.1f' %
                ('Products with A^H', nprodAt, '',
                 'Project time (secs)', info['time_project']))
        _printf(fid, '%-20s:  %6i %6s %-20s:  %6.1f' %
                ('Newton iterations', n_newton, '', 'Mat-vec time (secs)',
                 info['time_matprod']))
        _printf(fid, '%-20s:  %6i %6s %-20s:  %6i' %
                ('Line search its', nline_tot, '', 'Subspace iterations',
                 niters_lsqr))

    return x, r, g, info



[docs]def spg_bp(A, b, **kwargs):
    """Basis pursuit (BP) problem.

    ``spg_bp`` is designed to solve the basis pursuit problem::

        (BP)  minimize  ||x||_1  subject to  Ax = b,

    where ``A`` is an M-by-N matrix, ``b`` is an M-vector.
    ``A`` can be an explicit M-by-N matrix or a
    :class:`scipy.sparse.linalg.LinearOperator`.

    This is equivalent to calling ``spgl1(A, b, tau=0, sigma=0)

    Parameters
    ----------
    A : {sparse matrix, ndarray, LinearOperator}
        Representation of an m-by-n matrix.  It is required that
        the linear operator can produce ``Ax`` and ``A^T x``.
    b : array_like, shape (m,)
        Right-hand side vector ``b``.
    kwargs : dict, optional
        Additional input parameters (refer to :func:`spgl1.spgl1` for a list
        of possible parameters)

    Returns
    -------
    x : array_like, shape (n,)
        Inverted model
    r : array_like, shape (m,)
        Final residual
    g : array_like, shape (h,)
        Final gradient
    info : dict
        See splg1.
    """
    sigma = 0
    tau = 0
    x0 = None
    x, r, g, info = spgl1(A, b, tau, sigma, x0, **kwargs)
    return x, r, g, info


[docs]def spg_bpdn(A, b, sigma, **kwargs):
    """Basis pursuit denoise (BPDN) problem.


    ``spg_bpdn`` is designed to solve the basis pursuit denoise problem::

        (BPDN)  minimize  ||x||_1  subject to  ||A x - b|| <= sigma

    where ``A`` is an M-by-N matrix, ``b`` is an M-vector.
    ``A`` can be an explicit M-by-N matrix or a
    :class:`scipy.sparse.linalg.LinearOperator`.

    This is equivalent to calling ``spgl1(A, b, tau=0, sigma=sigma)

    Parameters
    ----------
    A : {sparse matrix, ndarray, LinearOperator}
        Representation of an m-by-n matrix.  It is required that
        the linear operator can produce ``Ax`` and ``A^T x``.
    b : array_like, shape (m,)
        Right-hand side vector ``b``.
    kwargs : dict, optional
        Additional input parameters (refer to :func:`spgl1.spgl1` for a list
        of possible parameters)

    Returns
    -------
    x : array_like, shape (n,)
        Inverted model
    r : array_like, shape (m,)
        Final residual
    g : array_like, shape (h,)
        Final gradient
    info : dict
        See spgl1.

    """
    tau = 0
    x0 = None
    x, r, g, info = spgl1(A, b, tau, sigma, x0, **kwargs)
    return x, r, g, info


[docs]def spg_lasso(A, b, tau, **kwargs):
    """LASSO problem.

    ``spg_lasso`` is designed to solve the Lasso problem::

        (LASSO)  minimize  ||Ax - b||_2  subject to  ||x||_1 <= tau

    where ``A`` is an M-by-N matrix, ``b`` is an M-vector.
    ``A`` can be an explicit M-by-N matrix or a
    :class:`scipy.sparse.linalg.LinearOperator`.

    This is equivalent to calling ``spgl1(A, b, tau=tau, sigma=0)

    Parameters
    ----------
    A : {sparse matrix, ndarray, LinearOperator}
        Representation of an m-by-n matrix.  It is required that
        the linear operator can produce ``Ax`` and ``A^T x``.
    b : array_like, shape (m,)
        Right-hand side vector ``b``.
    kwargs : dict, optional
        Additional input parameters (refer to :func:`spgl1.spgl1` for a list
        of possible parameters)

    Returns
    -------
    x : array_like, shape (n,)
        Inverted model
    r : array_like, shape (m,)
        Final residual
    g : array_like, shape (h,)
        Final gradient
    info : dict
        See spgl1.

    """
    sigma = 0
    x0 = None
    x, r, g, info = spgl1(A, b, tau, sigma, x0, **kwargs)
    return x, r, g, info


[docs]def spg_mmv(A, B, sigma=0, **kwargs):
    """MMV problem.

    ``spg_mmv`` is designed to solve the  multi-measurement vector
    basis pursuit denoise::

        (MMV)  minimize  ||X||_1,2  subject to  ||A X - B||_2,2 <= sigma

    where ``A`` is an M-by-N matrix, ``b`` is an M-by-G matrix, and ```sigma``
    is a nonnegative scalar. ``A`` can be an explicit M-by-N matrix or a
    :class:`scipy.sparse.linalg.LinearOperator`.

    Parameters
    ----------
    A : {sparse matrix, ndarray, LinearOperator}
        Representation of an M-by-N  matrix.  It is required that
        the linear operator can produce ``Ax`` and ``A^T x``.
    b : array_like, shape (m,)
        Right-hand side matrix ``b`` of size M-by-G.
    sigma : float, optional
        BPDN threshold. If different from ``None``, spgl1 solves BPDN problem
    kwargs : dict, optional
        Additional input parameters (refer to :func:`spgl1.spgl1` for a list
        of possible parameters)

    Returns
    -------
    x : array_like, shape (n,)
        Inverted model
    r : array_like, shape (m,)
        Final residual
    g : array_like, shape (h,)
        Final gradient
    info : dict
        See spgl1.

    """
    A = aslinearoperator(A)
    m, n = A.shape
    groups = B.shape[1]
    A = _blockdiag(A, m, n, groups)

    # Set projection specific functions
    _primal_norm = _norm_l12_primal if 'primal_norm' not in kwargs.keys() \
        else kwargs['primal_norm']
    _dual_norm = _norm_l12_dual if 'dual_norm' not in kwargs.keys() \
        else kwargs['dual_norm']
    _project = _norm_l12_project if 'project' not in kwargs.keys() \
        else kwargs['project']
    kwargs.pop('primal_norm', None)
    kwargs.pop('dual_norm', None)
    kwargs.pop('project', None)

    project = lambda x, weight, tau: _project(groups, x, weight, tau)
    primal_norm = lambda x, weight: _primal_norm(groups, x, weight)
    dual_norm = lambda x, weight: _dual_norm(groups, x, weight)

    tau = 0
    x0 = None
    x, r, g, info = spgl1(A, B.ravel(), tau, sigma, x0, project=project,
                          primal_norm=primal_norm, dual_norm=dual_norm,
                          **kwargs)
    x = x.reshape(n, groups)
    g = g.reshape(n, groups)

    return x, r, g, info
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Note

Click here
to download the full example code




MMV with non-negative norms

In this tutorial we will use the spg_mmv solver which solves a
multi-measurement vector basis pursuit denoise problem. Both standard L12
and L12non-negative norms will be compared. The latter set of norms is used in
case allowsour solution to have only positive values in case we have access to
such a kind of prior information.

import numpy as np
import matplotlib.pyplot as plt

from spgl1 import spg_mmv
from spgl1 import norm_l12nn_primal, norm_l12nn_dual, norm_l12nn_project





Let’s first import our data, matrix operator and weights

data = np.load('../testdata/mmvnn.npz')

A = data['A']
B = data['B']
weights = data['weights']





We apply unweighted inversions with and without non-negative
norms.

X, _, _, info = spg_mmv(A, B, 0.5, iter_lim=100, verbosity=0)

XNN, _, _, infoNN = spg_mmv(A, B, 0.5, iter_lim=100, verbosity=0,
                            project=norm_l12nn_project,
                            primal_norm=norm_l12nn_primal,
                            dual_norm=norm_l12nn_dual)
print('Negative X - MMV:', np.any(X < 0))
print('Negative X - MMVNN:', np.any(XNN < 0))
print('Residual norm - MMV:', info['rnorm'])
print('Residual norm - MMVNN:', infoNN['rnorm'])

plt.figure()
plt.plot(X[:, 0], 'k', label='Coefficients')
plt.plot(XNN[:, 0], '--r', label='Coefficients NN')
plt.legend()
plt.title('Unweighted Basis Pursuit with Multiple Measurement Vectors')

plt.figure()
plt.plot(X[:, 1], 'k', label='Coefficients')
plt.plot(XNN[:, 1], '--r', label='Coefficients NN')
plt.legend()
plt.title('Unweighted Basis Pursuit with Multiple Measurement Vectors')
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Out:

/home/docs/checkouts/readthedocs.org/user_builds/spgl1/checkouts/latest/spgl1/spgl1.py:345: RuntimeWarning: invalid value encountered in true_divide
  xc = xc / xa
Negative X - MMV: True
Negative X - MMVNN: False
Residual norm - MMV: 1.3845874553569761
Residual norm - MMVNN: 1.8882448534375746

Text(0.5, 1.0, 'Unweighted Basis Pursuit with Multiple Measurement Vectors')





We repeat the same steps with weighted norms.

X, _, _, info = spg_mmv(A, B, 0.5, iter_lim=100,
                        weights=np.array(weights), verbosity=0)
XNN, _, _, infoNN = spg_mmv(A, B, 0.5, iter_lim=100, verbosity=0,
                            weights=np.array(weights),
                            project=norm_l12nn_project,
                            primal_norm=norm_l12nn_primal,
                            dual_norm=norm_l12nn_dual)
print('Negative X - MMV:', np.any(X < 0))
print('Negative X - MMVNN:', np.any(XNN < 0))
print('Residual norm - MMV:', info['rnorm'])
print('Residual norm - MMVNN:', infoNN['rnorm'])

plt.figure()
plt.plot(X[:, 0], 'k', label='Coefficients')
plt.plot(XNN[:, 0], '--r', label='Coefficients NN')
plt.legend()
plt.title('Weighted Basis Pursuit with Multiple Measurement Vectors')

plt.figure()
plt.plot(X[:, 1], 'k', label='Coefficients')
plt.plot(XNN[:, 1], '--r', label='Coefficients NN')
plt.legend()
plt.title('Weighted Basis Pursuit with Multiple Measurement Vectors')
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Out:

/home/docs/checkouts/readthedocs.org/user_builds/spgl1/checkouts/latest/spgl1/spgl1.py:345: RuntimeWarning: invalid value encountered in true_divide
  xc = xc / xa
Negative X - MMV: True
Negative X - MMVNN: False
Residual norm - MMV: 1.5813724276341476
Residual norm - MMVNN: 1.8187503073437947

Text(0.5, 1.0, 'Weighted Basis Pursuit with Multiple Measurement Vectors')





Total running time of the script: ( 0 minutes  0.867 seconds)



Download Python source code: mmvnn.py




Download Jupyter notebook: mmvnn.ipynb
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SPGL1 Tutorial

In this tutorial we will explore the different solvers in the spgl1
package and apply them to different toy examples.

import numpy as np
import matplotlib.pyplot as plt

from scipy.sparse.linalg import LinearOperator
from scipy.sparse import spdiags
import spgl1

# Initialize random number generators
np.random.seed(43273289)





Create random m-by-n encoding matrix and sparse vector

m = 50
n = 128
k = 14
[A, Rtmp] = np.linalg.qr(np.random.randn(n, m), 'reduced')
A = A.T
p = np.random.permutation(n)
p = p[0:k]
x0 = np.zeros(n)
x0[p] = np.random.randn(k)





Solve the underdetermined LASSO problem for \(||\mathbf{x}||_1 <= \pi\):


\[min.||\mathbf{Ax}-\mathbf{b}||_2 \quad subject \quad  to \quad
||\mathbf{x}||_1 <= \pi\]

b = A.dot(x0)
tau = np.pi
x, resid, grad, info = spgl1.spg_lasso(A, b, tau, verbosity=1)

print('%s%s%s' % ('-'*35, ' Solution ', '-'*35))
print('nonzeros(x) = %i,   ||x||_1 = %12.6e,   ||x||_1 - pi = %13.6e' %
      (np.sum(np.abs(x) > 1e-5), np.linalg.norm(x, 1),
       np.linalg.norm(x, 1)-np.pi))
print('%s' % ('-'*80))





Out:

================================================================================
SPGL1
================================================================================
No. rows              :       50
No. columns           :      128

Initial tau           : 3.14e+00
Two-norm of b         : 3.40e+00

Optimality tol        : 1.00e-04
Target one-norm of x  : 3.14e+00

Basis pursuit tol     : 1.00e-06
Maximum iterations    :      500


EXIT -- Optimal solution found

Products with A     :       8        Total time   (secs) :     0.0
Products with A^H   :       8        Project time (secs) :     0.0
Newton iterations   :       0        Mat-vec time (secs) :     0.0
Line search its     :       0        Subspace iterations :       0
----------------------------------- Solution -----------------------------------
nonzeros(x) = 7,   ||x||_1 = 3.141593e+00,   ||x||_1 - pi =  0.000000e+00
--------------------------------------------------------------------------------





Solve the basis pursuit (BP) problem:



\[min.  ||\mathbf{x}||_1 \quad subject \quad  to \quad
\mathbf{Ax} = \mathbf{b}\]




b = A.dot(x0)
x, resid, grad, info = spgl1.spg_bp(A, b, verbosity=2)

plt.figure()
plt.plot(x, 'b')
plt.plot(x0, 'ro')
plt.legend(('Recovered coefficients', 'Original coefficients'))
plt.title('Basis Pursuit')

plt.figure()
plt.plot(info['xnorm1'], info['rnorm2'], '.-k')
plt.xlabel(r'$||x||_1$')
plt.ylabel(r'$||r||_2$')
plt.title('Pareto curve')

plt.figure()
plt.plot(np.arange(info['niters']), info['rnorm2']/max(info['rnorm2']),
         '.-k', label=r'$||r||_2$')
plt.plot(np.arange(info['niters']), info['xnorm1']/max(info['xnorm1']),
         '.-r', label=r'$||x||_1$')
plt.xlabel(r'#iter')
plt.ylabel(r'$||r||_2/||x||_1$')
plt.title('Norms')
plt.legend()
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Out:

================================================================================
SPGL1
================================================================================
No. rows              :       50
No. columns           :      128

Initial tau           : 0.00e+00
Two-norm of b         : 3.40e+00

Optimality tol        : 1.00e-04
Target objective      : 0.00e+00

Basis pursuit tol     : 1.00e-06
Maximum iterations    :      500

iterr      Objective   Relative Gap  Rel Error      gnorm   stepg   nnz_x   nnz_g     tau

    0  3.3978494e+00  0.0000000e+00   1.00e+00  8.995e-01     0.0       0       0  1.2834830e+01
    1  1.4610032e+00  1.6532743e+00   1.00e+00  3.459e-01    -0.6      67       1
    2  1.2957367e+00  1.4480527e+00   1.00e+00  3.057e-01     0.0      53       1
    3  1.0445582e+00  1.0186987e+00   1.00e+00  2.394e-01     0.0      33       1
    4  9.8320803e-01  1.9671347e+00   9.83e-01  3.006e-01     0.0      17       1
    5  1.0408537e+00  2.7237524e+00   1.00e+00  3.273e-01     0.0      15       1
    6  8.3766484e-01  4.4627639e-01   8.38e-01  1.829e-01     0.0      20       1
    7  8.2370803e-01  2.1784189e-01   8.24e-01  1.661e-01     0.0      16       1
    8  8.1471442e-01  1.0576174e-01   8.15e-01  1.582e-01     0.0      15       1
    9  8.1352564e-01  1.2833205e-01   8.14e-01  1.618e-01     0.0      12       2
   10  8.1346284e-01  1.2136051e-01   8.13e-01  1.595e-01     0.0      12       3
   12  8.1283336e-01  1.6431186e-03   8.13e-01  1.509e-01     0.0      12      12  1.7214207e+01
   20  1.0262800e-01  3.7124664e-02   1.03e-01  1.684e-02     0.0      55       5
   30  5.8775070e-02  2.1151854e-02   5.88e-02  9.905e-03     0.0      26       5
   39  5.6081993e-02  3.4487799e-03   5.61e-02  9.059e-03     0.0      16      16  1.7561410e+01
   40  1.3497461e-02  2.3368157e-02   1.35e-02  2.563e-03     0.0      61      17
   50  6.5248570e-03  2.5729401e-02   6.52e-03  2.012e-03    -0.6      44       8
   60  3.6779037e-03  8.0294188e-03   3.68e-03  8.458e-04    -0.9      30      30
   70  1.7198692e-03  6.8520394e-04   1.72e-03  2.801e-04     0.0      17      17
   80  1.3668596e-03  8.5588974e-05   1.37e-03  2.204e-04     0.0      14      14
   82  1.3666459e-03  1.8193226e-05   1.37e-03  2.163e-04     0.0      14      14  1.7570044e+01
   90  1.3860943e-04  4.2028246e-05   1.39e-04  2.222e-05     0.0      14      14
   98  8.6425580e-05  5.4782377e-05   8.64e-05  1.545e-05     0.0      14      14

EXIT -- Found a root

Products with A     :     131        Total time   (secs) :     0.0
Products with A^H   :      99        Project time (secs) :     0.0
Newton iterations   :       4        Mat-vec time (secs) :     0.0
Line search its     :      32        Subspace iterations :       0

<matplotlib.legend.Legend object at 0x7fdfcc084e48>





Solve the basis pursuit denoise (BPDN) problem:


\[min. ||\mathbf{x}||_1 \quad subject \quad to \quad ||\mathbf{Ax} -
\mathbf{b}||_2 <= 0.1\]

b = A.dot(x0) + np.random.randn(m) * 0.075
sigma = 0.10  # Desired ||Ax - b||_2
x, resid, grad, info = spgl1.spg_bpdn(A, b, sigma, iter_lim=100, verbosity=2)

plt.figure()
plt.plot(x, 'b')
plt.plot(x0, 'ro')
plt.legend(('Recovered coefficients', 'Original coefficients'))
plt.title('Basis Pursuit Denoise')
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================================================================================
SPGL1
================================================================================
No. rows              :       50
No. columns           :      128

Initial tau           : 0.00e+00
Two-norm of b         : 3.49e+00

Optimality tol        : 1.00e-04
Target objective      : 1.00e-01

Basis pursuit tol     : 1.00e-06
Maximum iterations    :      100

iterr      Objective   Relative Gap  Rel Error      gnorm   stepg   nnz_x   nnz_g     tau

    0  3.4876525e+00  0.0000000e+00   9.71e-01  8.998e-01     0.0       0       0  1.3130733e+01
    1  1.5278506e+00  1.5445083e+00   9.35e-01  3.512e-01    -0.6      70       1
    2  1.3785367e+00  1.3210423e+00   9.27e-01  3.004e-01     0.0      48       1
    3  1.1435885e+00  1.0754951e+00   9.13e-01  2.436e-01     0.0      36       1
    4  1.0650070e+00  1.8808347e+00   9.06e-01  3.058e-01     0.0      24       1
    5  1.1055544e+00  1.9676460e+00   9.10e-01  2.609e-01     0.0      14       1
    6  9.7104698e-01  5.0757852e-01   8.71e-01  1.910e-01     0.0      21       1
    7  9.5573059e-01  2.5393233e-01   8.56e-01  1.677e-01     0.0      20       1
    8  9.5003110e-01  1.6053048e-01   8.50e-01  1.613e-01     0.0      19       1
    9  9.4642238e-01  6.3958437e-02   8.46e-01  1.545e-01     0.0      16       1
   10  9.4667260e-01  1.0342969e-01   8.47e-01  1.576e-01     0.0      15       1
   12  9.4626463e-01  5.7319569e-03   8.46e-01  1.499e-01     0.0      15      15  1.8472152e+01
   20  1.9419435e-01  4.1553930e-02   9.42e-02  2.642e-02     0.0      46       4  1.9164449e+01
   30  1.0621175e-01  1.0890316e-02   6.21e-03  1.305e-02     0.0      48      38
   40  1.0446001e-01  4.9732393e-03   4.46e-03  1.269e-02     0.0      47      47  1.9201152e+01
   41  1.0004744e-01  1.2472217e-02   4.74e-05  1.237e-02     0.0      47      46

EXIT -- Found a root

Products with A     :      53        Total time   (secs) :     0.0
Products with A^H   :      42        Project time (secs) :     0.0
Newton iterations   :       4        Mat-vec time (secs) :     0.0
Line search its     :      11        Subspace iterations :       0

Text(0.5, 1.0, 'Basis Pursuit Denoise')





Solve the basis pursuit (BP) problem in complex variables:



\[min. ||\mathbf{z}||_1 \quad subject \quad to \quad
\mathbf{Az} = \mathbf{b}\]




class partialFourier(LinearOperator):
    def __init__(self, idx, n):
        self.idx = idx
        self.n = n
        self.shape = (len(idx), n)
        self.dtype = np.complex128
    def _matvec(self, x):
        # % y = P(idx) * FFT(x)
        z = np.fft.fft(x) / np.sqrt(n)
        return z[idx]
    def _rmatvec(self, x):
        z = np.zeros(n, dtype=complex)
        z[idx] = x
        return np.fft.ifft(z) * np.sqrt(n)

# Create partial Fourier operator with rows idx
idx = np.random.permutation(n)
idx = idx[0:m]
opA = partialFourier(idx, n)

# Create sparse coefficients and b = A * z0
z0 = np.zeros(n, dtype=complex)
z0[p] = np.random.randn(k) + 1j * np.random.randn(k)
b = opA.matvec(z0)

# Solve problem
z, resid, grad, info = spgl1.spg_bp(opA, b, verbosity=2)

plt.figure()
plt.plot(z.real, 'b+', markersize=15.0)
plt.plot(z0.real, 'bo')
plt.plot(z.imag, 'r+', markersize=15.0)
plt.plot(z0.imag, 'ro')
plt.legend(('Recovered (real)', 'Original (real)',
            'Recovered (imag)', 'Original (imag)'))
plt.title('Complex Basis Pursuit')





[image: Complex Basis Pursuit]Out:

================================================================================
SPGL1
================================================================================
No. rows              :       50
No. columns           :      128

Initial tau           : 0.00e+00
Two-norm of b         : 3.23e+00

Optimality tol        : 1.00e-04
Target objective      : 0.00e+00

Basis pursuit tol     : 1.00e-06
Maximum iterations    :      500

iterr      Objective   Relative Gap  Rel Error      gnorm   stepg   nnz_x   nnz_g     tau

    0  3.2278608e+00  0.0000000e+00   1.00e+00  9.900e-01     0.0       0       0  1.0524266e+01
    1  1.7448418e+00  1.9165918e+00   1.00e+00  5.168e-01    -0.6      95       0
    2  1.4600574e+00  1.5883031e+00   1.00e+00  3.875e-01     0.0      57       0
    3  1.1700012e+00  7.2057823e-01   1.00e+00  2.294e-01     0.0      21       0
    4  1.1387081e+00  6.0492162e-01   1.00e+00  2.591e-01     0.0      14       0
    5  1.1192644e+00  6.3143375e-01   1.00e+00  2.339e-01     0.0      13       0
    6  1.1110267e+00  2.5990247e-02   1.00e+00  1.887e-01     0.0      14       1
    7  1.1109277e+00  1.8665102e-02   1.00e+00  1.882e-01     0.0      14       1
    8  1.1109130e+00  9.8075649e-03   1.00e+00  1.876e-01     0.0      14       1  1.7103189e+01
    9  4.0897300e-01  2.0290430e+00   4.09e-01  1.096e-01     0.0      33       0
   10  2.4260476e-01  3.0388666e-01   2.43e-01  5.139e-02     0.0      84       0
   20  7.3650715e-02  1.5598521e-01   7.37e-02  1.898e-02    -0.6      36       0
   30  3.9788017e-02  1.6542009e-03   3.98e-02  6.363e-03     0.0      15       6
   32  3.9782650e-02  1.1422412e-03   3.98e-02  6.356e-03     0.0      14       6  1.7352196e+01
   40  5.2988820e-03  2.3780254e-03   5.30e-03  8.349e-04     0.0      45      37
   50  1.0390591e-03  8.2222429e-04   1.04e-03  1.846e-04     0.0      14      14
   60  4.3109396e-04  2.4523963e-04   4.31e-04  8.092e-05     0.0      14      14
   65  4.2277734e-04  2.9843344e-06   4.23e-04  6.689e-05     0.0      14      14  1.7354868e+01
   68  6.8724121e-05  5.4983919e-05   6.87e-05  1.067e-05     0.0      14      14

EXIT -- Found a root

Products with A     :      85        Total time   (secs) :     0.0
Products with A^H   :      69        Project time (secs) :     0.0
Newton iterations   :       4        Mat-vec time (secs) :     0.0
Line search its     :      16        Subspace iterations :       0

Text(0.5, 1.0, 'Complex Basis Pursuit')





We can also sample the Pareto frontier at 100 points:



\[\phi(\tau) = min. ||\mathbf{Ax}-\mathbf{b}||_2 \quad subject \quad
to \quad ||\mathbf{x}|| <= \tau\]




b = A.dot(x0)
x = np.zeros(n)
tau = np.linspace(0, 1.05 * np.linalg.norm(x0, 1), 100)
tau[0] = 1e-10
phi = np.zeros(tau.size)

for i in range(tau.size):
    x, r, grad, info = spgl1.spgl1(A, b, tau[i], 0, x, iter_lim=1000)
    phi[i] = np.linalg.norm(r)

plt.figure()
plt.plot(tau, phi, '.')
plt.title('Pareto frontier')
plt.xlabel('||x||_1')
plt.ylabel('||Ax-b||_2')





[image: Pareto frontier]Out:

Text(42.722222222222214, 0.5, '||Ax-b||_2')





We now solve the weighted basis pursuit (BP) problem:



\[min. ||\mathbf{y}||_1 \quad subject \quad  to \quad \mathbf{AW}^{-1}\mathbf{y} = \mathbf{b}\]




and



\[min. ||\mathbf{Wx}||_1 \quad subject \quad to \quad \mathbf{Ax} = \mathbf{b}\]




followed by setting :math`mathbf{y} = mathbf{Wx}`.

# Sparsify vector x0 a bit more to get exact recovery
k = 9
x0 = np.zeros(n)
x0[p[0:k]] = np.random.randn(k)

# Set up weights w and vector b
w = np.random.rand(n) + 0.1 # Weights
b = A.dot(x0 / w)  # Signal

# Solve problem
x, resid, grad, info = spgl1.spg_bp(A, b, iter_lim=1000, weights=w)

# Reconstructed solution, with weighting
x1 = x * w

plt.figure()
plt.plot(x1, 'b')
plt.plot(x0, 'ro')
plt.legend(('Coefficients', 'Original coefficients'))
plt.title('Weighted Basis Pursuit')
k = 9
x0 = np.zeros(n)
x0[p[0:k]] = np.random.randn(k)





[image: Weighted Basis Pursuit]Finally we solve the multiple measurement vector (MMV) problem



\[min. | | \mathbf{Y} | |_{1, 2}  \quad subject \quad to \quad
\mathbf{AW}^{-1} \mathbf{Y} = \mathbf{B}\]




and the weighted MMV problem(weights on the rows of X):



\[min. | | \mathbf{WX} | |_{1, 2} \quad subject \quad
to \quad \mathbf{AX} = \mathbf{B}\]




followed by setting \(\mathbf{Y} = \mathbf{WX}\).

# Create problem
m = 100
n = 150
k = 12
l = 6
A = np.random.randn(m, n)
p = np.random.permutation(n)[:k]
X0 = np.zeros((n, l))
X0[p, :] = np.random.randn(k, l)

weights = 3 * np.random.rand(n) + 0.1
W = 1/weights * np.eye(n)
B = A.dot(W).dot(X0)

# Solve unweighted version
x_uw, _, _, _ = spgl1.spg_mmv(A.dot(W), B, 0, verbosity=1)

# Solve weighted version
x_w, _, _, _ = spgl1.spg_mmv(A, B, 0, weights=weights, verbosity=2)
x_w = spdiags(weights, 0, n, n).dot(x_w)

# Plot results
plt.figure()
plt.plot(x_uw[:, 0], 'b-', label='Coefficients (1)')
plt.plot(x_w[:, 0], 'b.', label='Coefficients (2)')
plt.plot(X0[:, 0], 'ro', label='Original coefficients')
plt.legend()
plt.title('Weighted Basis Pursuit with Multiple Measurement Vectors')

plt.figure()
plt.plot(x_uw[:, 1], 'b-', label='Coefficients (1)')
plt.plot(x_w[:, 1], 'b.', label='Coefficients (2)')
plt.plot(X0[:, 1], 'ro', label='Original coefficients')
plt.legend()
plt.title('Weighted Basis Pursuit with Multiple Measurement Vectors')






	[image: Weighted Basis Pursuit with Multiple Measurement Vectors]

	[image: Weighted Basis Pursuit with Multiple Measurement Vectors]



Out:

================================================================================
SPGL1
================================================================================
No. rows              :      600
No. columns           :      900

Initial tau           : 0.00e+00
Two-norm of b         : 9.86e+01

Optimality tol        : 1.00e-04
Target objective      : 0.00e+00

Basis pursuit tol     : 1.00e-06
Maximum iterations    :     6000

/home/docs/checkouts/readthedocs.org/user_builds/spgl1/checkouts/latest/spgl1/spgl1.py:345: RuntimeWarning: invalid value encountered in true_divide
  xc = xc / xa

EXIT -- Found a BP solution

Products with A     :    4448        Total time   (secs) :     2.6
Products with A^H   :    2419        Project time (secs) :     1.8
Newton iterations   :      14        Mat-vec time (secs) :     0.2
Line search its     :    2029        Subspace iterations :       0

================================================================================
SPGL1
================================================================================
No. rows              :      600
No. columns           :      900

Initial tau           : 0.00e+00
Two-norm of b         : 9.86e+01

Optimality tol        : 1.00e-04
Target objective      : 0.00e+00

Basis pursuit tol     : 1.00e-06
Maximum iterations    :     6000

iterr      Objective   Relative Gap  Rel Error      gnorm   stepg   nnz_x   nnz_g     tau

    0  9.8602912e+01  0.0000000e+00   1.00e+00  1.017e+03     0.0       0       0  9.5554864e+00
    1  6.9417410e+01  1.9595302e+00   1.00e+00  6.916e+02    -0.6     419       0
    2  5.1761792e+01  1.3643668e+00   1.00e+00  4.022e+02     0.0     212       0
    3  4.4719199e+01  3.3088079e-01   1.00e+00  2.211e+02     0.0      96       0
    4  4.4235054e+01  3.9317252e-01   1.00e+00  2.183e+02     0.0      89       0
    5  4.4209620e+01  1.9011325e-01   1.00e+00  1.934e+02     0.0      88       0
    6  4.4195524e+01  3.7232090e-03   1.00e+00  1.767e+02     0.0      95       0
    7  4.4195175e+01  2.1356103e-03   1.00e+00  1.764e+02     0.0      95       0  2.0630352e+01
    8  2.1170991e+01  7.4323046e+00   1.00e+00  1.091e+02     0.0     334       0
    9  1.7331061e+01  2.2758703e+00   1.00e+00  5.633e+01     0.0     337       0
   10  1.5859590e+01  3.6326634e+00   1.00e+00  5.650e+01     0.0     293       0
   18  1.4217254e+01  4.3066544e-01   1.00e+00  3.173e+01     0.0     170       8  2.7000370e+01
   20  5.5823227e+00  1.3015844e+01   1.00e+00  1.551e+01     0.0     646       0
   30  2.4925735e+00  7.7271486e+00   1.00e+00  5.108e+00     0.0     196       4
   34  2.4883824e+00  7.4225525e-01   1.00e+00  4.266e+00     0.0     188      11  2.8451690e+01
   40  4.1105039e-01  5.9696329e+01   4.11e-01  2.529e+00     0.0     316       0
   50  1.0902142e-01  1.6349931e+00   1.09e-01  1.801e-01     0.0     137       4
   60  4.9748935e-02  1.8398584e+00   4.97e-02  1.471e-01     0.0      72       2
   63  4.9435528e-02  3.6531447e-02   4.94e-02  8.404e-02     0.0      72      12  2.8480769e+01
   70  1.1780283e-02  5.0958811e+00   1.18e-02  1.780e-01     0.0      72       0
   80  1.5540978e-03  4.8472422e-02   1.55e-03  3.408e-03     0.0      72       4
   90  6.7461437e-04  7.6278843e-03   6.75e-04  1.402e-03     0.0      72      34
   95  6.7316524e-04  1.4549718e-03   6.73e-04  1.180e-03     0.0      72      57  2.8481154e+01
  100  1.8442074e-04  9.0788110e-03   1.84e-04  5.075e-04     0.0      72      72
  103  9.4798950e-05  6.5696437e-03   9.48e-05  3.365e-04     0.0      72      72

EXIT -- Found a BP solution

Products with A     :     114        Total time   (secs) :     0.1
Products with A^H   :     104        Project time (secs) :     0.0
Newton iterations   :       6        Mat-vec time (secs) :     0.0
Line search its     :      10        Subspace iterations :       0

Text(0.5, 1.0, 'Weighted Basis Pursuit with Multiple Measurement Vectors')





Total running time of the script: ( 0 minutes  4.441 seconds)



Download Python source code: spgl1.py




Download Jupyter notebook: spgl1.ipynb





Gallery generated by Sphinx-Gallery [https://sphinx-gallery.github.io]
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